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PLANAR EMBEDDINGS OF MINC’S CONTINUUM AND
GENERALIZATIONS
ANA ANUSˇIC´
Abstract. We show that if f : I → I is piecewise monotone, post-critically finite,
and locally eventually onto, then for every point x ∈ X = lim←−(I, f) there exists a
planar embedding of X such that x is accessible. In particular, every point x in
Minc’s continuum XM from [11, Question 19 p. 335] can be embedded accessibly. All
constructed embeddings are thin, i.e., can be covered by an arbitrary small chain of
open sets which are connected in the plane.
1. Introduction
The main motivation for this study is the following long-standing open problem:
Problem (Nadler and Quinn 1972 [20, p. 229] and [21]). Let X be a chainable contin-
uum, and x ∈ X . Is there a planar embedding of X such that x is accessible?
The importance of this problem is illustrated by the fact that it appears at three
independent places in the collection of open problems in Continuum Theory published in
2018 [10, see Question 1, Question 49, and Question 51]. We will give a positive answer
to the Nadler-Quinn problem for every point in a wide class of chainable continua,
which includes lim←−(I, f) for a simplicial locally eventually onto map f , and in particular
continuum XM introduced by Piotr Minc in [11, Question 19 p. 335]. Continuum XM
was suspected to have a point which is inaccessible in every planar embedding of XM .
A continuum is a non-empty, compact, connected, metric space, and it is chainable if
it can be represented as an inverse limit with bonding maps fi : I → I, i ∈ N, which
can be assumed to be onto and piecewise linear. That is,
X = lim←−(I, fi) = {(ξ0, ξ1, ξ2, . . .) : fi(ξi) = ξi−1, i ∈ N} ⊂ I
∞,
where I = [0, 1] and I∞ is equipped with the standard product topology.
If X ⊂ R2 is a planar continuum, we say that x ∈ X is accessible (from the complement
ofX), if there exists an arc A ⊂ R2 such that A∩X = {x}. According to an old result of
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Bing [6], every chainable continuum can be embedded in the plane, making some points
accessible and possibly leaving some inaccessible. In fact, if X is indecomposable, there
are going to be many inaccessible points in every planar embedding of X , see [16]. For
further results on planar embeddings of chainable continua and accessibility, see e.g.
the related results on the pseudo-arc in [7, 12, 23], unimodal inverse limit spaces in
[1, 2], Knaster continua in [9, 14, 15], or hereditary decomposable chainable continua
in [18, 22].
In [4] (jointly with Henk Bruin and Jernej Cˇincˇ), we show that if x = (x0, x1, x2, . . .) ∈
X = lim←−(I, fi) is such that xi is not in a zigzag of fi for every i ∈ N, then we can embed
X in the plane with x accessible, see [4, Theorem 7.3]. Precise definition of what it
means to be contained in a zigzag is given in Definition 3.1, see also Figure 4, and the
rest of Section 3 for some basic properties. Here we will shortly give an intuitive reason
why this notion has an affect on accessibility. If x is not in a zigzag of f , then we can
“permute” the graph of f such that we “expose” the point (x, f(x)) in the graph of f .
To be more precise, for every ε > 0 there exists an embedding α : I → I2, such that
|π2(α(y))− f(y)| < ε for every y ∈ I, and the straight line joining α(x) with (1, f(x))
intersects α(I) only in α(x), see Figure 1. Here π2 : I
2 → I is the projection on the
second coordinate.
permute
Figure 1. Permuting the graph to expose points. Graph of f is given
on the left, with point (x, f(x)) denoted by a circle. The horizontal arc
joining (x, f(x)) with (1, f(x)) intersects the graph multiple times. On
the right we construct a permutation α : I → I2 of the graph, exposing
α(x). Note that (x, f(x)) in the boldface area cannot be exposed.
The results of this paper will mostly be stated for chainable continua which can be rep-
resented as inverse limits with a single bonding map f : I → I. Not every chainable con-
tinuum is like that, see e.g. [13]. The reason for this restriction, other than simplicity of
notation, is the dynamical nature of spaces lim←−(I, f). It was shown by Barge and Martin
in [5], with the use of Brown’s theorem [8], that every lim←−(I, f) can be embedded in the
plane as global attractor of a planar homeomorphism F : R2 → R2, which acts on the
attractor as the shift homeomorphism given by σ((x0, x1, x2, . . .)) = (f(x0), x0, x1, . . .).
It is still not completely clear which planar embeddings of lim←−(I, f) allow σ to be ex-
tended to a homeomorphism of the plane. This question was first asked by Boyland (in
2015) for unimodal maps f , see the discussion in Section 8 of [2].
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The ideas in this paper originated from the study of continuum XM = lim←−(I, fM), where
fM : I → I is given in Figure 2. It was introduced by Piotr Minc in 2001, where he
asks:
Question (Minc [11, Question 19 p. 335]). Is there a planar embedding of XM such
that p = (1/2, 1/2, . . .) is accessible?
Note that 1/2 is in a zigzag of f , so the theory from [4] does not help. Actually, 1/2 is
in a zigzag of fn for every n ∈ N, so it is not helpful if we represent XM as lim←−(I, f
ni
M ),
where (ni)i∈N is any sequence of natural numbers. However, it turns out that there
is another representation of XM in which coordinates of p will not be in zigzags of
bonding maps. We will construct a map g : I → I for which there is a homeomorphism
h : XM → lim←−(I, g) such that h(p) = (1/2, 1/2, 1/2, . . .), and such that 1/2 is not in a
zigzag of g, thus answering Minc’s question in positive. See the graph of g in Figure 8.
Actually, in Section 4 we show that every point of XM can be embedded accessibly, see
Theorem 4.3. We note that all the constructed embeddings are thin, i.e., the planar
representation can be covered with an arbitrary small chain of open and connected sets
in the plane.
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Figure 2. Minc’s map fM and its second iterate f
2
M , illustrating that
1/2 is in a zigzag of fnM for every n ∈ N.
Finally, in Section 5 we generalize the construction to lim←−(I, f), where f is assumed to be
piecewise monotone, locally eventually onto (leo), and with eventually periodic critical
points, see Corollary 5.8. The leo assumption is not very restrictive; any piecewise
monotone interval map without restrictive intervals, periodic attractors, or wandering
intervals is conjugate to a piecewise linear leo map, or semi-conjugate otherwise (see
e.g. [17]). Furthermore, every simplicial map f has eventually periodic critical points.
We note that Minc’s map fM satisfies all the properties above. However, for the clarity
of the exposition, we will explain the construction in the special case of XM before
proceeding to the more general theory.
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2. Preliminaries
Set of natural numbers will be denoted by N and N0 = N ∪ {0}. A continuum is a
nonempty, compact, connected, metric space. An arc is a space homeomorphic to the
unit interval I = [0, 1]. Given two continua X, Y , a continuous function f : X → Y is
called a map. A map f : I → I is called piecewise monotone if there is m ≥ 0, and
points 0 = c0 < c1 < . . . < cm < cm+1 = 1, such that f |[ci,ci+1] is strictly monotone
for every i ∈ {0, . . . , m}. For i ∈ {1, . . . , m}, points ci are called critical points of f ,
and {c1, . . . , cm} is called critical set of f . For the simplicity of notation, we will often
include 0 = c0 and cm+1 = 1 in the critical set.
Given a sequence of continua Xi, i ∈ N0, and maps fi : Xi → Xi−1, i ∈ N, we define
the inverse limit space of the inverse system (Xi, fi) as:
lim←−(Xi, fi) := {(ξ0, ξ1, ξ2, ξ3, . . .) : fi(ξi) = ξi−1, i ∈ N} ⊂
∞∏
i=0
Xi,
and equip it with the product topology, i.e., the smallest topology in which all coordi-
nate projections πi : lim←−(Xi, fi)→ Xi, i ∈ N0 are continuous. Then lim←−(Xi, fi) is also a
continuum. If there is a continuum X such that Xi = X for all i ∈ N, the inverse limit
space is denoted by lim←−(X, fi), and if additionally there is f : X → X such that fi = f
for all i ∈ N, it is denoted by lim←−(X, f).
A chain C in a continuum X is a set C = {ℓ1, . . . , ℓn}, where ℓi, i ∈ {1, . . . , n} are
non-empty open sets in X such that ℓi ∩ ℓj 6= ∅ if and only if |i − j| ≤ 1. Sets ℓi are
called links of C. Note that we do not necessarily assume that ℓi are connected sets in
X (and they most often will not be). Mesh of C is the maximal diameter of all links
of C. We say that X is chainable if for every ε > 0 there is a chain in X of mesh < ε
which covers X . Every chainable continuum can be represented as lim←−(I, fi), for some
maps fi : I → I which can be assumed to be piecewise linear and surjective.
Given a map f : I → I and n ∈ N, by fn we denote its nth iterate, i.e., f 1 = f
and fn = fn−1 ◦ f for all n > 1. Given a sequence of natural numbers (ni)i∈N, the
spaces lim←−(I, f
ni) and lim←−(I, f) are homeomorphic, with a homeomorphism given by
lim←−(I, f) ∋ (ξ0, ξ1, ξ2, ξ3, . . .) 7→ (ξ0, ξn1, ξn1+n2, ξn1+n2+n3 , . . .) ∈ lim←−(I, f
ni). Moreover,
if we are given a sequence (ni)i∈N of natural numbers, and maps si, ti, gi : I → I such
that the diagram from Figure 3 commutes, then lim←−(I, f) is homeomorphic to lim←−(I, gi).
The homeomorphism between lim←−(I, f
n
i ) and lim←−(I, gi) is given by (ξ0, ξ1, ξ2, ξ3, . . .) 7→
(s1(ξ1), s2(ξ2), s3(ξ3), . . .). For the more general theory of homeomorphisms of inverse
limits, see [19].
3. Planar embeddings, zigzags, and accessibility
Given a continuum X , by its planar embedding we mean a homeomorphism ν : X →
ν(X) ⊂ R2. It is known that every chainable continuum can be embedded in the plane,
PLANAR EMBEDDINGS OF MINC’S CONTINUUM AND GENERALIZATIONS 5
I
I
I
I
I
I
I
I
. . .
. . .
fn1 fn2 fn3 fn4
g1 g2 g3 g4
t1 s1 t2 s2 t3 s3 t4
Figure 3. Commutative diagram.
[6]. Given a continuum X ⊂ R2, and ξ ∈ X , we say that ξ is accessible from the
complement (or just accessible) if there is an arc A ⊂ R2 such that A ∩X = {ξ}.
Definition 3.1. Let f : I → I be a piecewise monotone map with critical points
0 < c1 < . . . < cm < 1. We say that y ∈ I is inside a zigzag of f if for every
k ∈ {1, . . . , m − 1} such that y ∈ [ck, ck+1], there exist a, b ∈ I such that a < ck <
ck+1 < b ∈ I and either
(1) f(ck) > f(ck+1) and f |[a,b] assumes its global minimum at a and its global
maximum at b, or
(2) f(ck) < f(ck+1) and f |[a,b] assumes its global maximum at a and its global
minimum at b.
See Figure 4.
f
a c3 c4 b
g
a c1 c2 c3 c4 b
Figure 4. Point y ∈ I is in a zigzag of f if and only if y ∈ (c3, c4). Point
y ∈ I is in a zigzag of g if and only if y ∈ (c1, c2) ∪ (c3, c4) (in boldface).
Note that if {c1, . . . , cm} are critical points of f , then e.g. points in [0, c1] and [cm, 1]
are never in a zigzag of f . We can say more:
Remark 3.2. Note that if f(ck) ∈ {0, 1}, then for every a < b such that a < ck <
ck+1 < b, ck is a local minimum or a local maximum of f |[a,b]. Thus no point in [ck, ck+1]
is contained in a zigzag of f .
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The following lemma gives another criterion which determines when a point is not in a
zigzag. It will be used in the proof of Theorem 5.2.
Lemma 3.3. Let f : I → I be a piecewise monotone map, and y ∈ I. Assume that
there exist a < b ∈ I such that y ∈ [a, b], f(t) 6∈ {f(a), f(b)} for all t ∈ (a, b), and
either
(1) f(a) ∈ {0, 1} and f |[y,b] is one-to-one, or
(2) f(b) ∈ {0, 1}, and f |[a,y] is one-to-one.
Then y is not in a zigzag of f .
Proof. Assume first that (1) holds, and f(a) = 0. Then f((a, b)) = (0, f(b)), and
since f |[y,b] is one-to-one, also f((y, b)) = (f(y), f(b)). Thus for adjacent critical points
ck, ck+1 of f such that [y, b] ⊆ [ck, ck+1], it holds that f(ck) < f(ck+1). If y is in a zigzag
of f , there exist α, β ∈ I such that α < ck < ck+1 < β, and f |[α,β] assumes its global
maximum in α, and global minimum in β. However, since f(t) < f(b) for all t ∈ [a, b),
it must hold that α < a. But then a ∈ [α, β], and since f(a) = 0, it follows that a is a
local minimum of f |[α,β], which is a contradiction with β being the global minimum.
Assume that (1) holds, with f(a) = 1. Then f((a, b)) = (f(b), 1), thus also f((y, b)) =
(f(b), f(y)). It follows that if [y, b] ⊆ [ck, ck+1], then f(ck) > f(ck+1). So if y is in a
zigzag of f , there exist α, β ∈ I such that α < ck < ck+1 < β, α is the global minimum,
and β is the global maximum of f |[α,β]. However, since f(t) > f(b) for all t ∈ [a, b), it
must hold that α < a. But then a ∈ [α, β], and since f(a) = 1, it follows that a is a
local maximum of f |[α,β], which is a contradiction.
Case (2) follows similarly. 
Proposition 3.4. Let f, g : I → I be piecewise monotone maps. If y ∈ I is in a zigzag
of g ◦ f , then y is in a zigzag of f , or f(y) is in a zigzag of g.
Proof. Assume that y is not in a zigzag of f and f(y) is not in a zigzag of g.
Claim 1. We claim that for every a < y < b such that g ◦f((a, b)) = (g(f(a)), g(f(b))),
there exists a maximal interval J ⊂ [a, b] such that y ∈ J , and g ◦ f |J is monotone
increasing.
(a) Assume that f |[a,b] is increasing. Thus f((a, b)) = (f(a), f(b)), and g|[f(a),f(b)] is also
increasing, and g((f(a), f(b))) = (g(f(a)), g(f(b))).
Let α < β be such that a ≤ α ≤ y ≤ β ≤ b, f |[α,β] is monotone, and such that [α, β] ∋ y
is a maximal such interval. If y is a critical point of f , then we choose [α, β] such that
f |[α,β] is increasing.
Assume that y is not a critical point of f . If α = a, or β = b, then f |[α,β] is obviously
increasing. Furthermore, since we assumed that y is not in a zigzag of f , if a < α <
β < b, then f |[α,β] must also be increasing.
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Similarly, let γ < δ be such that f(a) ≤ γ ≤ f(y) ≤ δ ≤ f(b), g|[γ,δ] is monotone, and
[γ, δ] ∋ f(y) is a maximal such interval. Again, if f(y) is a critical point of g, we choose
[γ, δ] such that g|[γ,δ] is increasing. If f(y) is not a critical point of g, since f(y) is not
in a zigzag of g, similarly as before we conclude that g|[γ,δ] is increasing.
Define J := f−1([γ, δ])∩ [α, β]. Then J is an interval, and it is a maximal interval which
contains y such that g ◦ f |J is monotone. Moreover, since J ⊂ [α, β], and f(J) ⊂ [γ, δ],
and f |[α,β], g|[γ,δ] are monotone increasing, it follows that g ◦ f |J is also monotone
increasing.
(b) Assume that f |[a,b] is decreasing. Thus f((a, b)) = (f(b), f(a)), g|[f(a),f(b)] is also
decreasing, and g((f(b), f(a))) = (g(f(a)), g(f(b))). We take α, β as in the previous
paragraph, but this time if y is a critical point of f , we choose such that f |[α,β] is
decreasing. Again we conclude that f |[α,β] is decreasing in any case. Similarly we find
γ, δ as before, but if f(y) is a critical point of g, we choose g|[γ,δ] to be decreasing. We
conclude that g|[γ,δ] is decreasing in any case. So J := f
−1([γ, δ]) ∩ [α, β] is again a
maximal interval which contains y such that f |J is monotone. Since in this case f |[α,β]
and g|[γ,δ] are both decreasing, g ◦ f |J is again monotone increasing.
Claim 2. We claim that for every a < y < b such that g ◦f((a, b)) = (g(f(b)), g(f(a))),
there exists a maximal interval J ⊂ [a, b] such that y ∈ J , and g ◦ f |J is monotone
decreasing.
(a) Assume that f |[a,b] is increasing. Thus f((a, b)) = (f(a), f(b)), and g|[f(a),f(b)] is
decreasing, g((f(a), f(b))) = (g(f(b)), g(f(a))). We define α, β, γ, δ as before, and
this time we conclude that f |[α,β] is increasing, and g|[γ,δ] is decreasing. Then J :=
f−1([γ, δ]) ∩ [α, β] is again a maximal interval which contains y such that f |J is mono-
tone. Since in this case f |[α,β] is increasing, and g|[γ,δ] is decreasing, g ◦ f |J is monotone
decreasing.
(b) Assume that f |[a,b] is decreasing. Thus f((a, b)) = (f(b), f(a)), g|[f(a),f(b)] is in-
creasing, and g((f(b), f(a))) = (g(f(b)), g(f(a))). Now f |[α,β] is decreasing, and g|[γ,δ]
is increasing. Then J := f−1([γ, δ])∩ [α, β] is a maximal interval which contains y such
that f |J is monotone, and f |J is monotone decreasing.
Recall that if y is in a zigzag of g ◦ f , then there are a < y < b such that for every
maximal interval J ∋ y such that g ◦ f |J is monotone, either
(1) g ◦ f((a, b)) = (g(f(a)), g(f(b))), and g ◦ f |J is decreasing, or
(2) g ◦ f((a, b)) = (g(f(b)), g(f(a))), and g ◦ f |J is increasing.
Thus Claims 1 and 2 imply that y is not in a zigzag of g ◦ f . 
Let X be a continuum and ν : X → ν(X) ⊂ R2 be an embedding of X in the plane. We
say that ν is a thin embedding (also called C-embedding in [3]) if for every ε > 0 there
is a chain C = {ℓ1, . . . , ℓn} of ν(X) which covers ν(X), and such that ℓi is a connected
set in R2 for every i ∈ {1, . . . , n}.
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The following theorem gives a connection between accessibility and zigzags in bonding
maps.
Theorem 3.5. [4, Theorem 7.3] Let X = lim←−{I, fi} where each fi : I → I is a contin-
uous piecewise monotone surjection. If x = (x0, x1, x2, . . . ) ∈ X is such that for each
i ∈ N, xi is not inside a zigzag of fi, then there exists a thin embedding ν : X → ν(X)
of X in the plane such that ν(x) is an accessible point of ν(X).
Theorem 3.6. Let X = lim←−(I, f), and assume that there exist sequences (ni)i∈N ⊂ N,
(si)i∈N, (ti)i∈N, where si, ti : I → I are onto maps for every i ∈ N, such that ti ◦ si = f
ni
for every i ∈ N. Define gi = si ◦ ti+1 for i ∈ N; then the diagram in Figure 3 commutes.
Let x = (x0, x1, x2, . . .) ∈ X. If si(xni) is not in a zigzag of gi−1 for every i ≥ 2, then
there exists a thin embedding ν : X → R2 such that ν(x) is accessible.
Proof. Let h : X → lim←−(I, gi) be a homeomorphism given by
h((ξ0, ξ1, ξ2, . . .)) = (s1(ξn1), s2(ξn2), s3(ξn3), . . .).
By Theorem 3.5, there is a thin embedding µ : lim←−(I, gi) → R
2 such that µ(h(x)) is
accessible. Then ν := µ ◦ h : X → R2 is a thin embedding of X , and ν(x) is accessible.

4. Embeddings of Minc’s continuum
In this section we show how to embed every point of Minc’s continuum XM accessibly.
It is important to understand this example since the procedure generalizes to a much
wider class of chainable continua. The generalization will be given in the next section.
Recall that XM = lim←−(I, fM), where fM is given in Figure 2. We first construct maps
s, t, s′, t′ : I → I such that t ◦ s = f 2M and t
′ ◦ s′ = f 2M .
We define s, t : I → I as
s(y) :=
{
7
18
(1− f 2M(x)), y ∈ [0,
7
18
]
y, y ∈ [ 7
18
, 1],
t(y) :=
{
1− 18
7
y, y ∈ [0, 7
18
],
f 2M(y), y ∈ [
7
18
, 1],
see Figure 5. Note that f 2M(7/18) = 0, so s and t are well-defined and continuous.
Furthermore, if y ∈ [0, 7/18], then s(y) = 7/18(1 − f 2M(y)), and s(y) ∈ [0, 7/18]. So
t(s(y)) = 1 − 18
7
( 7
18
(1 − f 2M(y))) = f
2
M(y). If y ∈ [7/18, 1], then s(y) = y, hence
t(s(y)) = t(y) = f 2M(y). It follows that t ◦ s = f
2
M .
We define maps s′, t′ : I → I as follows:
s′(y) :=
{
y, y ∈ [0, 11
18
]
1− 7
18
f 2M(y), y ∈ [
11
18
, 1],
t′(y) :=
{
f 2M(y), y ∈ [0,
11
18
],
18
7
(1− y), y ∈ [11
18
, 1],
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Figure 5. Graphs of maps s and t. Note that t ◦ s = f 2M .
see Figure 6. Since f 2M(11/18) = 1, s
′ and t′ are well-defined and continuous. Note also
that for y ∈ [0, 11/18] we have t′(s′(y)) = t′(y) = f 2M(y), and for y ∈ [11/18, 1], also
s′(y) ∈ [11/18, 1], and thus t′(s′(y)) = t′(1 − 7/18(f 2M(y))) = f
2
M(y). It follows that
t′ ◦ s′ = f 2M .
11
18
11
18
7
9
47
54
8
9
40
54
2
3
1
3
2
3
1
3
2
3
4
9
5
9
11
18
Figure 6. Graphs of maps s′ and t′. Note that t′ ◦ s′ = f 2M .
Now let x = (x0, x1, x2, x3, . . .) ∈ XM . We will construct a planar embedding νx : X →
R
2 such that νx(x) is accessible.
Note that (x0, x2, x4, . . .) ∈ lim←−(I, f
2
M). For every i ∈ N we define maps si, ti : I → I as
one of s, s′, t, t′, depending on the position of the (2i)th coordinate of x as follows:
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si =
{
s′, x2i ∈ [0,
7
18
],
s, x2i ∈ (
7
18
, 1].
ti =
{
t′, x2i ∈ [0,
7
18
],
t, x2i ∈ (
7
18
, 1].
Note that ti ◦ si = f
2
M , si(x2i) = x2i, and x2i is not in a zigzag of si for every i ∈ N.
Furthermore, for i ∈ N we define gi := si◦ti+1, see the commutative diagram in Figure 7.
I
I
I
I
I
I
I
I
. . .
. . .
f2M f
2
M f
2
M f
2
M
g1 g2 g3 g4
t1 s1 t2 s2 t3 s3 t4
Figure 7. Commutative diagram. Minc’s continuum XM is homeomor-
phic to lim←−(I, gi), and coordinates of x will not be in zigzags of bonding
maps gi.
Lemma 4.1. If y is in a zigzag of gi = si ◦ ti+1, then ti+1(y) is in a zigzag of si.
Proof. By Proposition 3.4, y is in a zigzag of ti+1, or ti+1(y) is in a zigzag of si. Assume
that y is in a zigzag of ti+1. Then Remark 3.2 implies that there are critical points
ck, ck+1 of ti+1 such that ck < y < ck+1, ti+1|[ck,ck+1] is monotone, and ti+1([ck, ck+1]) =
[1/3, 2/3]. Furthermore, si|[1/3,2/3] is monotone, and si([1/3, 2/3]) = [0, 2/3] if si = s, or
si([1/3, 2/3]) = [1/3, 1] if si = s
′. In any case, gi|[ck,ck+1] = si ◦ ti+1|[ck,ck+1] is monotone,
and at least one of gi(ck), gi(ck+1) is in {0, 1}. By Remark 3.2, y is not in a zigzag of
gi, which is a contradiction. It follows that ti+1(y) must be in a zigzag of si. 
Lemma 4.2. For every i ≥ 0 it holds that gi(x2(i+1)) = x2i and x2(i+1) not in a zigzag
of gi.
Proof. We have gi(x2(i+1)) = gi(si+1(x2(i+1))) = si◦ti+1◦si+1(x2(i+1)) = si◦f
2
M(x2(i+1)) =
si(x2i) = x2i. Furthermore, assume that x2(i+1) is in a zigzag of gi. By Lemma 4.1,
ti+1(x2(i+1)) = x2i is in a zigzag of si. That is a contradiction. 
Theorem 4.3. For every x ∈ XM there exists a thin planar embedding νx : XM → R
2
such that νx(x) is accessible.
Proof. Proof follows directly from Theorem 3.6 and Lemma 4.2. 
Example 4.4. In particular, let x = (1/2, 1/2, 1/2, . . .). Then si = s, ti = t, and
gi =: g = s ◦ t for every i ∈ N. Thus there is a homeomorphism h : XM → lim←−(I, g)
such that h(x) = (s(1/2), s(1/2), . . .) = (1/2, 1/2, . . .) ∈ lim←−(I, g), and 1/2 is not in a
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Figure 8. Graph of g = s ◦ t, with x axis expanded for clarity. Note
that 1/2 is not in a zigzag of g.
zigzag of g, see the graph of g in Figure 8. We can then easily embed lim←−(I, g) in the
plane with (1/2, 1/2, . . .) accessible.
5. Post-critically finite locally eventually onto bonding map f
We start this section with a theorem which generalizes previous ideas to a much larger
class of chainable continua. We will then show that if f is piecewise monotone and post-
critically finite locally eventually onto map, then for an arbitrary x ∈ lim←−(I, f) =: Xf
there is a planar embedding νx : Xf → R
2 such that νx(x) is an accessible point of
νx(Xf). Recall that f is piecewise monotone if there is finitely many points 0 = c0 <
c1 < . . . < cm < cm+1 = 1 such that f is strictly monotone on [ci, ci+1] for every
i ∈ {0, . . . , m}. The set C = {c0, c1, . . . , cm, cm+1} will be referred to as critical set.
Definition 5.1. Let f : I → I be a piecewise monotone map, and y ∈ I be a non-
critical point of f . Then there is a maximal interval J := J(f, y) ⊂ I such that y ∈ J ,
and f |J is one-to-one. If y is a critical point of f , then there are two maximal intervals
J1, J2 ∋ y such that f |J1, f |J2 are one-to-one. It holds that J1 ∩ J2 = {y}, and exactly
one of f |J1, f |J2 is monotone increasing. We define J(f, y) = J1 if f(J1) ⊆ f(J2), or
J(f, y) = J2 otherwise. For y ∈ I we denote B(f, y) := f(J(f, y)) and call it an
f -branch of y.
Theorem 5.2. Let X = lim←−(I, fi), where every fi is piecewise monotone onto map,
and let x = (x0, x1, x2, . . .) ∈ X. Assume that the following conditions are satisfied:
(1) there exist a < b ∈ I such that B(fi, xi) = [a, b] for every i ∈ N,
(2) there is ε > 0 such that [a, a+ε)∩{xi : i ≥ 0} = ∅, or {xi : i ∈ N}∩(b−ε, b] = ∅,
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(3) for every interval J ⊂ I of diameter ≥ ε/2 it holds that fi(J) = I for every
i ∈ N.
Then there exists a thin embedding νx : X → R
2 such that νx(x) is an accessible point
of νx(X).
Proof. For every i ∈ N we will define si, ti : I → I such that ti ◦ si = fi, and such that
si(xi) is not in a zigzag of si−1 ◦ ti. The reader is encouraged to recall the maps s, t, s
′, t′
from the previous section.
Case 1. Assume that [a, a+ ε) ∩ {xi : i ≥ 0} = ∅ in (2). By (3), for every i ∈ N there
is [αi, βi] ⊂ [a, a+ ε) such that fi(αi) = 1, fi(βi) = 0. We define si, ti : I → I as follows
si(y) :=
{
βi(1− fi(y)), y ∈ [0, βi],
y, y ∈ [βi, 1].
ti(y) :=
{
1− 1
βi
y, y ∈ [0, βi],
fi(y), y ∈ [βi, 1],
Since fi(βi) = 0, it follows that si, ti are well-defined and continuous. Furthermore, if
y ∈ [0, βi], then βi(1− fi(y)) ∈ [0, βi], so ti(si(y)) = 1−
1
βi
(βi(1− fi(y))) = fi(y). Thus
ti ◦ si(y) = fi(y) for every x ∈ I. Note that si(xi) = xi and Remark 3.2 implies that xi
is not in a zigzag of fi, for every i ∈ N.
We claim that xi = si(xi) is not in a zigzag of si−1 ◦ ti. Note first that if xi is not in a
zigzag of fi, then it is also not in a zigzag of ti. Since also ti(xi) = xi−1 is not in a zigzag
of si−1, Proposition 3.4 implies that xi is not in a zigzag of si−1◦ti. Assume that xi is in
a zigzag of fi. In particular, Remark 3.2 implies that J(fi, xi) does not contain βi, and
thus J(fi, xi) ⊂ (βi, 1]. So J(ti, xi) = J(fi, xi), and, by (1), ti|J(fi,xi) : J(fi, xi) → [a, b]
is one-to-one. Let α′i−1 ∈ [αi−1, βi−1) be the largest such that si−1(α
′
i−1) = 0. Since
si−1(αi−1) = 0, such α
′
i−1 exists. Moreover, si−1((α
′
i−1, b)) = (0, b), and si−1|[xi−1,b] is
one-to-one. Let J ′ ⊂ J(fi, xi) be such that ti|J ′ : J
′ → [α′i−1, b] is a homeomorphism.
Then xi ∈ J
′ and Lemma 3.3 implies that xi is not in a zigzag of si−1 ◦ ti.
Thus there is a homeomorphism h : lim←−(I, fi)→ lim←−(I, si−1◦ti) given by (ξ0, ξ1, ξ2, . . .) 7→
(s1(ξ1), s2(ξ2), . . .) = (ξ1, ξ2, . . .). In particular, (x1, x2, . . .) ∈ lim←−(I, si−1 ◦ ti), and since
xi is not contained in a zigzag of si−1 ◦ ti for every i ≥ 2, Theorem 3.5 implies that there
exists a thin planar embedding of lim←−(I, si−1 ◦ ti) in which x is accessible. Theorem 3.6
finishes the proof in this case.
Case 2. Assume that [a, a+ ε) ∩ {xi : i ≥ 0} 6= ∅. By (2), {xi : i ≥ 0} ∩ (b− ε, b] = ∅.
By (3), for every i ∈ N there is [βi, γi] ⊂ (b− ε, b] such that fi(βi) = 1, and fi(γi) = 0.
We define maps si, ti : I → I as
si(y) :=
{
y, y ∈ [0, βi],
1− (1− βi)fi(y), y ∈ [βi, 1]. ti(y) :=
{
fi(y), y ∈ [0, βi],
1
1−βi
(1− y), y ∈ [βi, 1],
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Since fi(βi) = 1, it follows that si, ti are continuous. Moreover, if y ∈ [βi, 1], then
si(y) = 1 − (1 − βi)fi(y) ∈ [βi, 1], so ti(si(y)) = fi(y). It follows that ti ◦ si = fi.
Moreover, si(xi) = xi, and Remark 3.2 implies that xi is not in a zigzag of si for every
i ∈ N.
We again claim that xi = si(xi) is not in a zigzag of si−1 ◦ ti for every i ≥ 2. If xi
is not in a zigzag of fi, then it is also not in a zigzag of ti, so by Proposition 3.4,
it is not in a zigzag of si−1 ◦ ti. If xi is in a zigzag of fi, then Remark 3.2 implies
that J(fi, xi) ⊂ [0, βi), and again J(ti, xi) = J(fi, xi), and ti|J(ti,xi) : J(ti, xi) → [a, b]
is a homeomorphism. Since si−1(γi−1) = 1, there is the smallest γ
′
i−1 ∈ [βi−1, γi−1]
such that si−1(γ
′
i−1) = 1. We take J
′ ⊂ J(ti, xi) such that ti|J ′ : J
′ → [a, γ′i−1] is a
homeomorphism. Since xi ∈ J
′, si−1((a, γ
′
i−1)) = (a, 1), and si−1|[a,xi−1] is one-to-one,
Lemma 3.3 again implies that xi is not in a zigzag of si−1 ◦ ti. The proof finishes the
same as in Case 1. 
Definition 5.3. An onto map f : I → I is called locally eventually onto (leo) if for
every interval J ⊂ I there is n ∈ N such that fn(J) = I.
Lemma 5.4. If f is leo, then for every ε > 0 there is N ∈ N such that for every
interval J ⊂ I with diam (J) ≥ ε it holds that fn(J) = I for every n ≥ N .
Proof. We find intervals {J1, . . . , Jk} where diam Ji < ε/2, and ∪
k
i=1Ji = I. Since f
is leo, we can find N ∈ N such that fN(Ji) = I for every i ∈ {1, . . . , k}. Then also
fn(Ji) = I for every n ≥ N and i ∈ {1, . . . , k}. Then we note that every interval J ⊂ I
such that diam (J) ≥ ε contains at least one Ji, so f
n(J) = I for every n ≥ N . 
Definition 5.5. Let f be a piecewise monotone map with critical set {0 = c0 < c1 <
. . . < cm < cm+1 = 1}. We say that f is post-critically finite if every ci is eventually
periodic, i.e., for every i ∈ {0, . . . , m + 1} there are j(i) ∈ N, and k(i) ≥ 0 such that
f j(i)+k(i)(ci) = f
k(i)(ci).
Remark 5.6. Assume that f is piecewise monotone with critical set {0 = c0 < c1 <
. . . < cn < cm+1 = 1}, and assume f is post-critically finite. Then note that for
every n ∈ N and x ∈ I, the endpoints of B(fn, x) belong to the set {fk(ci) : i ∈
{0, . . . , m+ 1}, k ∈ N}, which is a finite set. Thus there is only finitely many types of
branches in all iterates of f , i.e., the set {B(fn, x) : n ∈ N, x ∈ I} is finite.
Lemma 5.7. Let X = lim←−(I, f), where f is piecewise monotone leo map which is post-
critically finite, and let x = (x0, x1, x2, . . .) ∈ X. Then there is a strictly increasing
sequence (ni)i≥0 ⊂ N, there are a < b ∈ I, and ε > 0 such that
(1) B(fni−ni−1, xni) = [a, b], for all i ∈ N,
(2) [a, a+ ε) ∩ {xni : i ∈ N} = ∅ or {xni : i ∈ N} ∩ (b− ε, b] = ∅,
(3) for every i ∈ N, and every interval J ⊂ I of diameter ≥ ε/2 it holds that
fni−ni−1(J) = I.
Proof. Let i ≥ 0, and j ∈ N. We will first prove that B(f j+1, xi+j+1) ⊆ B(f
j , xi+j). Let
J = J(f j+1, xi+j+1), so xi+j+1 ∈ J , and J is maximal such that f
j+1|J is one-to-one.
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Then also f |J is one-to-one, and since f(xi+j+1) = xi+j , it follows that f(J) ∋ xi+j ,
and f j|f(J) is one-to-one. In particular, B(f
j, xi+j) ⊇ f
j+1(J) = B(f j+1, xi+j+1).
For every i ≥ 0 we define Ai(x) =
⋂
j∈NB(f
j, xi+j). Since f is post-critically finite,
Remark 5.6 implies that {Ai(x) : i ≥ 0} is finite. The first part of the proof also implies
that for every i ≥ 0 there is J(i) such that B(f j, xi+j) = Ai(x), for every j ≥ J(i).
Since {Ai : i ≥ 0} is finite, we can find a strictly increasing sequence (mi)i≥0 and a < b ∈
I such that Ami(x) = [a, b] for all i ≥ 0. Now we define the strictly increasing sequence
(m′i)i≥0 as m
′
0 := m0, and m
′
i := min{mj : mj −m
′
i−1 ≥ J(m
′
i−1)}, for i > 0. So, since
m′i − m
′
i−1 ≥ J(m
′
i−1), we have B(f
m′i−m
′
i−1 , xm′i) = B(f
m′i−m
′
i−1 , xm′i−1+(m′i−m′i−1)) =
Am′i−1(x) = [a, b], for every i ≥ 1.
Note that actually B(fm
′
i−m
′
i−1+k, xm′i+k) = [a, b], for every i ∈ N and every k ≥ 0. Fur-
thermore, since B(fm
′
i−m
′
i−1 , xm′i) = [a, b], and since f
m′i−m
′
i−1(xm′i) = xm′i−1 , it follows
that xm′
i
∈ [a, b] for every i ∈ N. In particular, there is a strictly increasing subsequence
(n′i)i≥0 ⊂ (m
′
i)i≥0 such that (xn′i)i≥0 converges to y ∈ [a, b]. Thus we can assume that
there is ε > 0 such that [a, a+ ε) ∩ {xn′i : i ≥ 0} = ∅, or {xn′i : i ≥ 0} ∩ (b− ε, b] = ∅.
Since f is leo, there is N ∈ N such that for every interval J ⊂ I of diameter ≥ ε/2
it holds that fn(J) = I for every n ≥ N . We find a strictly increasing subsequence
(ni)i≥0 ⊂ (n
′
i)i≥0 such that ni − ni−1 > N for every i ∈ N. Then it also holds that
[a, a + ε) ∩ {xni : i ≥ 0} = ∅, or {xni : i ≥ 0} ∩ (b− ε, b] = ∅. Thus (ni)i≥0 satisfies (2)
and (3).
We only have to show that (ni)i≥0 satisfies (1). Let j > 0. Then there are i1 > i2 such
that nj = m
′
i1 , and nj−1 = m
′
i2 . Since B(f
m′i2+1
−m′i2
+k, xm′i2+1+k
) = [a, b] for every k ∈ N,
by taking k = m′i1 − m
′
i2+1 ≥ 0, we get B(f
m′i1
−m′i2 , xm′i1
) = B(fnj−nj−1 , xnj) = [a, b],
which finishes the proof. 
Corollary 5.8. Let f : I → I be a piecewise monotone, post-critically finite, leo map,
and let x ∈ lim←−(I, f) = Xf . Then there exists a thin planar embedding νx : Xf → R
2
such that νx(x) is an accessible point of νx(Xf).
Proof. Let (ni)i≥0 be as in Lemma 5.7. Then Theorem 5.2 implies that there is a thin
planar embedding ν ′x : lim←−(I, f
ni−ni−1)→ R2 such that ν ′x((xn0 , xn1 , xn2, . . .)) is an acces-
sible point of ν ′x(lim←−(I, f
ni−ni−1)). Denote by h : Xf → lim←−(I, f
ni−ni−1) the homeomor-
phism given by h((ξ0, ξ1, ξ2, . . .)) = (ξn0, ξn1, ξn2, . . .). Then h(x) = (xn0 , xn1 , xn2 , . . .),
and νx := ν
′
x ◦ h : Xf → R
2 is a thin planar embedding such that νx(x) is an accessible
point of νx(Xf). 
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